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We prove that every neighborhood assignment for a monotonically normal space has a
kernel which is homeomorphic to some subspace of an ordinal. As a corollary, every
monotone neighborhood assignment for a monotonically normal space has a discrete
kernel, which gives a partial answer to a question posed in Buzyakova et al. (2007) [5].
We also give an example of a regular space which has a neighborhood assignment with no
kernels homeomorphic to any subspace of an ordinal.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
We always assume the usual order topology on an ordinal and all spaces are assumed to be Hausdorff.
A neighborhood assignment for a topological space (X, τ ) is a function N : X → τ with x ∈ N(x) for every x ∈ X .
A neighborhood assignment N for X is monotone [9] if {N(x): x ∈ X} is linearly ordered by inclusion. K is called a ker-
nel1 for N if K is a subspace of X such that N[K ] = ⋃x∈K N(x) = X . Given a topological space (X, τ ), let us denote
NX,τ = {(x,U ) ∈ X × τ : x ∈ U ∈ τ }. A Hausdorff space (X, τ ) is monotonically normal [3] if there is a function H which
assigns to each pair (x,U ) ∈ NX,τ an open set H(x,U ) with x ∈ H(x,U ), such that for all (x,U ), (y, V ) ∈ NX,τ we have
(MN1) H(x,U ) ⊆ H(x,U ) ⊆ U , and
(MN2) H(x,U ) ∩ H(y, V ) = ∅ implies x ∈ V or y ∈ U .
Note that (MN2) implies (MN1). To see this, let y ∈ X \ U . There is an open neighborhood V of y such that x /∈ V . Then
H(x,U ) ∩ H(y, V ) = ∅ by (MN2). So y /∈ H(x,U ). H is called a monotone normality operator of X . It is asked in [4] if every
monotonically normal paracompact space is a D-space2 and in [5] if every monotonically normal space is dually discrete.3
Our main results are the following two theorems which may be of some use for answering these questions.
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1 This notion ﬁrstly appears in [5].
2 If every neighborhood assignment for a topological space X has a closed discrete kernel, we say X is a D-space [6]. Problems on D-space are among
the most challenging open problems in set-theoretic topology. For a recent survey on D-spaces, see [8].
3 If every neighborhood assignment for a topological space X has a discrete kernel, we say X is dually discrete [12]. Research on seeking for other special
kinds of kernels possibly originates from the study of D-spaces. For works along this line, see [2] and [5].0166-8641/$ – see front matter © 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2011.10.007
604 H. Zhang, W.-X. Shi / Topology and its Applications 159 (2012) 603–607Theorem 1.1. Every neighborhood assignment for a monotonically normal space has a kernel which is homeomorphic to some subspace
of an ordinal.
Theorem 1.2. For every neighborhood assignment N of a monotonically normal space X with a monotone normality operator H, there
is a non-empty subspace D of X such that D is homeomorphic to some subspace of an ordinal and H(x, H(x,N(x)))∩ D = ∅ for every
x ∈ X\N[D].
One may ask if every neighborhood assignment for an arbitrarily given topological space X has a kernel which is
homeomorphic to some subspace of an ordinal. The answer is negative, see Example 3.4. However, we have that every
neighborhood assignment for an arbitrarily given topological space X has a scattered kernel [5].
In Section 2, we ﬁrst review some basic facts on the “sticky set” method and monotonically normal spaces, then we
prove Theorem 1.1 using Theorem 1.2.
In Section 3, we ﬁrst introduce some techniques for dealing with neighborhood assignments for monotonically normal
spaces, then we prove Theorem 1.2. We also give some remarks and prove the following corollary which is a very partial
answer to the question that if every monotonically normal space is dually discrete.
Corollary 1.3. Every monotone neighborhood assignment for a monotonically normal space has a discrete kernel.
When we consider a subset A of a topological space X , A always means the closure of A in X . Ordinal numbers are
denoted by λ, κ , α, etc. If λ is a successor ordinal, λ− 1 is deﬁned to be the immediate predecessor of λ. Other notions are
standard, and can be found in [11].
2. Proof of Theorem 1.1 using Theorem 1.2
The proof of Theorem 1.1 is based on the following observation. It presents an idea similar with the “sticky set” method
introduce in [7] where the authors use it to deal with problems on D-spaces.
Lemma 2.1. Let X be a topological space and let P be a class of topological spaces closed under topological sums. Let N be a neighbor-
hood assignment for X and let μ be another neighborhood assignment for X with μ(x) ⊆ N(x) for every x ∈ X. If for every non-empty
closed subset F of X , there is a non-empty subspace D ⊆ F such that D ∈ P and μ(x) ∩ D = ∅ for every x ∈ F \ N[D], then N has a
kernel in P .
Proof. There exists a non-empty subspace D0 of X such that D0 ∈ P and μ(y) ∩ D0 = ∅ for every y ∈ X \ N[D0]. Suppose
Dα has been found for α < β such that for every α < β:
(1) Dα ∈ P is a subspace of X , and
(2) Dα ⊆ X \⋃ξ<α N[Dξ ], and
(3) μ(y) ∩ Dα = ∅ for every y ∈ X \⋃ξα N[Dξ ].
Let F = X \⋃α<β N[Dα]. Then F is a closed subset of X . If F = ∅, then there exists a non-empty subspace Dβ of X with
Dβ ∈ P such that Dβ ⊆ F and μ(y) ∩ Dβ = ∅ for every y ∈ F \ N[Dβ ]. Stop the induction at γ when {N(Dα): α < γ }
covers X . Let D =⋃α<γ Dα . We shall show the space D is the topological sum of {Dα: α < γ } thus in P . It is suﬃcient
to show Dα is open in D for every α < γ . Fix α < γ . We have both (
⋃{μ(x): x ∈ Dα}) ∩ ⋃ξ<α Dξ = ∅ and N[Dα] ∩⋃
ξ>α Dξ = ∅, so Dα = N[Dα] ∩ D is an open subset of D . 
Before we begin proving Theorem 1.1, let us recall that monotone normality is a hereditary property [10]. Furthermore, if
(X, τ ) is a monotonically normal space with a monotone normality operator H and (X ′, τ ′) is a subspace of (X, τ ), we may
pick an arbitrary U (x,V ) ∈ τ for each pair (x, V ) ∈ NX ′,τ ′ such that V = X ′ ∩ U (x,V ) , and deﬁne G(x, V ) = H(x,U (x,V )) ∩ X ′
for every pair (x, V ) ∈ NX ′,τ ′ so that G is a monotone normality operator of (X ′, τ ′).
Proof of Theorem 1.1. Let X be a monotonically normal space with a monotone normality operator H . Let N be a neigh-
borhood assignment for X . Let P be the class of all topological spaces that are homeomorphic to some subspace of an
ordinal. Then P is closed under topological sums. We shall use Lemma 2.1. So let F be a non-empty closed subset of X . Let
μ(x) = H(x, H(x,N(x))) for every x ∈ X . Then μ is a neighborhood assignment for X with μ(x) ⊆ N(x) for every x ∈ X .
It is suﬃcient to ﬁnd a non-empty subspace D ∈ P of X such that D ⊆ F and μ(x) ∩ D = ∅ for every x ∈ F \ N[D].
Let O (x) = N(x) ∩ F for every x ∈ F . Then O is a neighborhood assignment for the space F . According to the preced-
ing discussion, F is a monotonically normal space and F has a monotonically normal operator G such that G(x, O (x)) =
H(x,N(x)) ∩ F and G(x,G(x, O (x))) = H(x, H(x,N(x))) ∩ F for every x ∈ F (simply deﬁne G(x,N(x) ∩ F ) = H(x,N(x)) ∩ F
and G(x, H(x,N(x)) ∩ F ) = H(x, H(x,N(x))) ∩ F ). For simplicity, denote G2(x) = G(x,G(x, O (x))) for x ∈ F and H2(x) =
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some subspace of an ordinal and
G2(x) ∩ D = ∅ for every x ∈ F \ O [D].
Let x ∈ F \ N[D]. Since F \ N[D] = F \ O [D], we know that x ∈ F \ O [D] and G2(x) ∩ D = ∅. Since G2(x) = H2(x) ∩ F and
D ⊆ F , we have H2(x) ∩ D = ∅, i.e. μ(x) ∩ D = ∅. So D is as desired. 
3. Proof of Theorem 1.2
Lemma 3.1. A topological space X is homeomorphic to some subspace of an ordinal iff there exists a well-ordering 〈xα: α < λ〉 of X
such that x0 is isolated and for every α < λ, if xα is non-isolated, then {{xξ : β < ξ  α}: β < α} is a local base at xα .
Proof. The proof of necessity is obvious. To prove suﬃciency, deﬁne a function f from X onto some set of ordinals by
induction. Let f (x0) = 0. Suppose f (xα) were deﬁned for α < γ < λ. Let f (xγ ) = f (xγ−1) + 1 if γ is a successor ordinal. If
γ is a limit ordinal, let f (xγ ) = sup{ f (xα): α < γ } when xγ is non-isolated and f (xγ ) = sup{ f (xα): α < γ } + 1 when xγ
is isolated. It is easy to see f is a homeomorphism between X and ran( f ). Note that α < β < λ implies f (xα) < f (xβ). 
The following lemma presents an idea which plays an important role in the proof of Theorem 1.2.
Lemma 3.2. Let X be a monotonically normal space and let H be a monotone normality operator of X . Let N be a neighborhood
assignment for X. If {xα: α < λ} is a sequence of points of X such that for every α < λ,
(a) xα ∈ X \⋃{N(xβ): β < α}, and
(b) {xβ : β  α} ⊆ H(xα,N(xα)),
then {xα: α < λ} is homeomorphic to some subspace of an ordinal and for every α < λ, {xβ : β < α} \⋃{N(xβ): β < α} is either an
empty set or a singleton.
Proof. Let D = {xα: α < λ}. To prove that D is homeomorphic to some subspace of an ordinal, use Lemma 3.1. Obviously, x0
is an isolated point in D . If β < α < λ, then we have that {xξ : α < ξ < λ} ⊆ X \⋃{N(xη): η  α} by (a) and {xξ : ξ  β} ⊆
H(xβ,N(xβ)) ⊆ N(xβ) by (b) and (MN1). So {xξ : β < ξ  α} is open in D whenever β < α < λ. If xα non-isolated in D ,
then xα ∈ {xξ : ξ < α} since xα /∈ {xξ : α < ξ < λ} by (a). Let U be an open subset of X with xα ∈ U . Then H(xα,U ) ∩
{xξ : ξ < α} = ∅ because H(xα,U ) is open. Fix ξ < λ such that xξ ∈ H(xα,U ). If ξ < β < α, then xξ ∈ H(xβ,N(xβ)) by (b).
So xξ ∈ H(xα,U ) ∩ H(xβ,N(xβ)). Since xα /∈ N(xβ), we have xβ ∈ U by (MN2). So {xη: ξ < η  α} ⊂ U . This completes the
proof that D is homeomorphic to some subspace of an ordinal.
To prove the second part, ﬁx α < λ. Suppose x, y ∈ {xβ : β < α} \ ⋃{N(xβ): β < α} and x = y. Take disjoint open
sets U and V which contain x and y, respectively. By an argument similar to the above, there exist β,β ′ < α such that
{xξ : β < ξ  α} ⊂ U and {xξ : β ′ < ξ  α} ⊂ V , which leads to a contradiction. 
Proof of Theorem 1.2. Let X be a monotonically normal space with a monotone normality operator H . Let N be a neigh-
borhood assignment for X . For simplicity, we denote H(x) = H(x,N(x)) and H2(x) = H(x, H(x,N(x))) for every x ∈ X .
Let p ∈ X , x00 = p and D0 = A0 = {x00}. We shall deﬁne a subset Dn ⊂ X for each 0 < n < ω inductively such that for
every n < ω:
(1) Dn ⊆ An ⊆ N[Dn], where An = {x ∈ X \⋃i<n N[Di]: H2(x) ∩ Dn−1 = ∅} (for 0 < n < ω), and
(2) Dn = {xnα: α < λn} satisﬁes (a) and (b) in Lemma 3.2.
First we prove that D =⋃n<ω Dn is as desired, then we show how to construct Dn(0 < n < ω). Let x ∈ X \ N[D]. Suppose
H2(x) ∩ D = ∅. Then there is an n < ω such that H2(x) ∩ Dn = ∅. So x ∈ An+1 ⊆ N[Dn+1] ⊆ N[D], a contradiction. It is left
to show D is homeomorphic to some subspace of an ordinal. Since Dn ⊆ X \⋃i<n N[Di], the Dn ’s are pairwise disjoint and
thus L = 〈x00〉〈x1α: α < λ1〉 . . . 〈xnα: α < λn〉 . . . is a well-ordering of D . For simplicity, we denote L = 〈yξ : ξ < κ〉. It is
clear that y0 is isolated in D . So by Lemma 3.1, it is suﬃcient to show that for every 0 < ξ < κ such that yξ is non-isolated





i<n N[Di] ∪ N(xn0) for each n < ω.
Claim 2. For every 0 < ξ < κ such that yξ is non-isolated in D and every open subset U of X which contains yξ , there exists δ < ξ
such that {yη: δ < η ξ} ⊂ U .
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there is an α < λn−1 such that xn−1α ∈ H2(xn0). If α  β < λn−1, then xn−1α ∈ H(xn−1β ) by (b). So H2(xn0) ∩ H(xn−1β ) = ∅. Since
xn0 /∈ N(xn−1β ), xn−1β ∈ H(xn0). Thus we have {xn−1β : α  β < λn−1} ⊂ H(xn0). So {xn−1β : α  β < λn−1} ⊆ H(xn0) ⊆ N(xn0). On
the other hand, we have {xn−1β : β < α} ⊆ H(xn−1α ) ⊆ N(xn−1α ) by using (b) again. So Dn−1 = {xn−1β : β < λn−1} ⊆ N(xn−1α ) ∪




i<n−1 Di ∪ Dn−1 ⊆ (
⋃
i<n−1 N[Di] ∪ N(xn−10 )) ∪ (N[Dn−1] ∪ N(xn0)) =⋃
i<n N[Di] ∪ N(xn0). This completes the proof of Claim 1. 
Proof of Claim 2. Let 0 < ξ < κ such that yξ is non-isolated in D and let U be an open subset of X with yξ ∈ U . Then there
are n < ω and α < λn such that yξ = xnα ∈ Dn . By (1), yξ /∈ Dm for all m > n and by (a), yξ /∈ {xnγ : α < γ < λn} and so it is
clear that yξ /∈ {yη: ξ < η < κ}.
Case 1. α = 0. We know yξ /∈ ⋃i<n Di by Claim 1. So yξ ∈ {xnβ : β < α}. Note α is a limit ordinal. Otherwise, we would
have {xnβ : β < α} ⊆ H(xnα−1) ⊆ N(xnα−1). Then yξ /∈ {xnβ : β < α}, a contradiction. Since H(yξ ,U ) is open, there is a β < α
such that xnβ ∈ H(yξ ,U ). Let β < γ < α. Since xnβ ∈ H(xγ ), H(yξ ,U ) ∩ H(xγ ) = ∅. So xγ ∈ U by yξ /∈ N(xγ ). Therefore,
{xnγ : β < γ  α} ⊂ U .
Case 2. α = 0. We know yξ /∈ Di for each i  n − 2, since H2(yξ ) ∩ Di = ∅ for each i  n − 2. So yξ ∈ Dn−1. Note λn−1
is a limit ordinal. Otherwise, Dn−1 ⊆ H(xn−1λn−1−1) ⊆ N(xn−1λn−1−1). Then yξ /∈ Dn−1, a contradiction. There is an α < λn−1 such
that xn−1α ∈ H(yξ ,U ) since H(yξ ,U ) is open. Since α  β < λn−1 implies xn−1α ∈ H(xn−1β ), H(yξ ,U )∩ H(xn−1β ) = ∅ whenever
α  β < λn−1. Since yξ /∈ N(xn−1β ), xn−1β ∈ U . Therefore, {xn−1β : α  β < λn−1} ⊂ U . This completes the proof of Claim 2. 
Now we continue to prove that for every 0 < ξ < κ such that yξ is non-isolated in D , Bξ = {{yη: δ < η  ξ}: δ < ξ}
is a local base of D at yξ . Fix ξ < κ . By Claim 2, we are done if every member of Bξ is open in D . Fix δ < ξ . We shall
show Y = {yη: δ < η ξ} is open in D . There are n < ω and α < λn such that yδ = xnα ∈ Dn . By (b), {xnβ : β  α} ⊆ H(xnα) ⊆




i<n N[Di] ∪ N(xn0). So
⋃
i<n Di ∪ {xnβ : β  α} ⊆
⋃
i<n N[Di] ∪ N(xn0) ∪ N(xnα) ⊆⋃
i<n N[Di] ∪
⋃{N(xnβ): β  α}. Note Y is disjoint with
⋃
i<n N[Di] ∪
⋃{N(xnβ): β  α}. So N[Y ] \
⋃
i<n Di ∪ {xnβ : β  α}
witnesses that Y is open in D . Thus D is homeomorphic to some subspace of an ordinal.
We have found the set D which is homeomorphic to some subspace of an ordinal and H(x, H(x,N(x)))∩ D = ∅ for every
x ∈ X \ N[D], under the assumption that the family {Dn: n < ω} exists.
Now we show how to construct Dn for each 0 < n < ω such that (1) and (2) hold for every n < ω. Since D0 is deﬁned,
A1 is deﬁned by (1). If A1 = ∅, then set Dn = ∅ for 0 < n < ω, so (1) and (2) are clearly satisﬁed for 0 < n < ω. If A1 = ∅,
then we ﬁnd a sequence of points {x1α: α < λ1} of A1 such that {N(x1α): α < λ1} covers A1 and x1α /∈
⋃{N(x1β): β < α} for
every α < λ1. Then let D1 = {x1α: α < λ1}. If β < α < λ1, then x1α /∈ H(x1β), so x1β ∈ H(x1α) since {p} ⊂ H2(x1α) ∩ H2(x1β). So
all conditions in (1) and (2) are satisﬁed for n = 1.
Suppose Di has been found for i < n such that (1) and (2) are satisﬁed for all i < n. Deﬁne An by (1). If An = ∅, then set
Di = ∅ for n i < ω. It is clear that (1) and (2) are satisﬁed for 0 < n < ω by inductive hypothesis. Suppose An = ∅. Let
Qα =
{
x ∈ An: xn−1α ∈ H2(x)
}
and
Pα = Qα \
⋃
β<α
Q β for α < λn−1.
Then {Pα: α < λn−1} is a partition of An (Note Pα may be empty for some but not all α < λn−1). Well order An as
{zξ : ξ < ρ} such that points of Pα are listed after points of Pβ whenever β < α < λn−1. Let xn0 = z0. Deﬁne xnγ recursively
by
xnγ = zξγ where ξγ = min
{






: δ < γ
}}
.
The induction stops at a stage λn when {N(xnγ ): γ < λn} covers An . Let Dn = {xnγ : γ < λn}. We shall prove that (1) and (2)
hold for i = n. From the deﬁnition of Dn we know (a) in Lemma 3.2 and (1) are satisﬁed, so it is left to show γ < γ ′ < λn
implies xnγ ∈ H(xnγ ′ ). Fix γ and γ ′ with γ < γ ′ < λn . Note xnγ = zξγ and xnγ ′ = zξγ ′ and ξγ < ξγ ′ . There exist α,α′ < λn−1
such that zξγ ∈ Pα and zξγ ′ ∈ Pα′ . Note it must be that α  α′ . So we have xn−1α ∈ H(xn−1α′ ) since Dn−1 = {xn−1α : α < λn−1}
satisﬁes (b) in Lemma 3.2 by inductive hypothesis. Then xn−1α ∈ H(xn−1′ )∩ H2(zξγ ). Since zξγ /∈ N(xn−1′ ), xn−1′ ∈ H(zξγ ). Thenα α α
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The induction has been ﬁnished.
So we complete the construction of Dn(0 < n < ω) and our theorem is proved. 
Remark 3.3. Keep the notions in the proof above. Let us note that according to the deﬁnitions of D and L, we have that
D = {yξ : ξ < κ} and yξ ∈ X \⋃η<ξ N(yη) for every ξ < κ .
Proof of Corollary 1.3. Let X be a monotonically normal space with a monotone normality operator H . Let N be a mono-
tone neighborhood assignment for X . Then N has a kernel D which is homeomorphic to some subspace of an ordinal by
Theorem 1.1. By Remark 3.3, we know D can be listed by {yξ : ξ < κ} such that yξ ′ /∈ N(yξ ) whenever ξ < ξ ′ < κ . Thus
N(yξ ) ⊂ N(yξ ′ ) whenever ξ < ξ ′ < κ . From the proof of Lemma 3.1 we know there exists a homeomorphism f between
D and some subspace C of an ordinal such that f (yξ ) < f (yξ ′ ) whenever ξ < ξ ′ < κ . Note that for every C ′ ⊆ C which
is unbounded in C , we have {N(yξ ): ξ ∈ f −1(C ′)} covers X . It was proved in [1] that every ordinal is hereditarily dually
discrete.4 So the neighborhood assignment N : ξ → [0, ξ ] ∩ C for C has a discrete kernel C ′ . Note C ′ must be unbounded
in C . So E = {yξ : ξ ∈ f −1(C ′)} is a discrete kernel for N . 
Example 3.4. There exists (in ZFC) a regular space X such that hl(X) > hd(X) = κ where κ is uncountable [14]. So there
exists a right-separated subspace Y = {xα: α < κ+} of X . In [5], the authors pointed out that Y is not dually discrete. In
fact, the authors pointed out that the neighborhood assignment N : xα → {xβ : β  α} for Y has no discrete kernels. We
shall show N has no kernels homeomorphic to any subspace of an ordinal. Note that for every C ⊆ κ+ , Z = {xα: α ∈ C}
is a kernel for N iff C is unbounded in κ+ . Suppose Z = {xα: α ∈ C} is a kernel homeomorphic to some subspace D of
an ordinal and f is a homeomorphism between Z and D . Then both C and D have cardinality κ+ . Let D ′ be a discrete
subspace of D of size κ+ (e.g., let D ′ be the set of all isolated points in D). Then {α ∈ C : xα ∈ f −1(D ′)} is a subset of C
of size κ+ , thus unbounded in κ+ . So f −1(D ′) is a discrete kernel for N , which contradicts the fact that N has no discrete
kernels.
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